We investigate the feasibility of a particular scheme for generating macroscopic quantum superposition states in two-species dilute gas Bose-Einstein condensates. The scheme utilizes two-body interactions and Josephson coupling between the species. We report numerical studies that extend a previous two-mode model to include dissipation and extra modes.
I. INTRODUCTION
Macroscopic realism asserts that a system with several macroscopically distinguishable states available to it will always be in one of these states. This is incompatible with the purely unitary part of quantum mechanics, which permits superpositions of different states ͓1͔. Copenhagen-type interpretations of quantum mechanics resolve this problem by asserting the existence of the classical world, in which macroscopic realism holds. More recently, a class of theories based on decoherence have indicated how macroscopic realism may emerge from quantum mechanics ͓2͔.
A small number of experimental realizations of quantum superposition states at the mesoscopic to macroscopic scale, that is Schrödinger cats ͓3͔, have been reported in the literature. Friedman et al. ͓4͔ generated superpositions of currents differing by microamps in a system based on superconducting SQUID rings. Brune et al. ͓5͔ reported superpositions involving about three microwave photons. Monroe et al. ͓6͔ produced superpositions of states of a single trapped ion which differed in position by 80 nm.
Dilute gas Bose-Einstein condensates ͑BECs͒ are attractive systems in which to generate and study Schrödinger cats ͓7͔. They have a controllable number of atoms, up to several million, and hence straddle the boundary between the microscopic and macroscopic, and hence between quantummechanical and classical systems. Furthermore, dissipation is low and potentially controllable. This is important because to investigate the role of decoherence in determining the quantum-classical interface, dissipation must be low enough that superpositions can persist on experimental time scales ͓8͔. In this respect, it is notable that Dalvit et al. have suggested methods for controlling decoherence using trap engineering and symmetrization of the noncondensed atom cloud ͓9͔. Nevertheless, dissipation is likely to severely limit the size of experimentally achievable superpositions.
Proposals for the generation of Schrödinger cats in BECs include those of Cirac et al. ͓10͔ and Ruostekoski et al. ͓11, 12͔ . The first scheme involves the adiabatic transfer of a two-species condensate to the many-body ground state. The second schemes rely on coherent scattering of far-detuned light to perform continuous measurements. Superpositions of Bose-Einstein condensed atoms and molecules might also be possible ͓13͔.
In the following, we build on previous numerical work due to Gordon and Savage ͓14͔. They used a simple twomode model of a two-species BEC, with two-body interactions and weak Josephson coupling between the species. The system evolved into a Schrödinger cat in which the two states differed in the number of atoms in the two species. Several experiments have been performed in which twospecies Bose-Einstein condensates were created and manipulated ͓15-18͔. The two-species were different atomic states of the same atom.
We improve the previous work in two respects: we include a simple model of dissipation, and we consider a system with four modes, rather than two. Our numerical studies show that the generation of superposition states is robust to these changes. Despite the many remaining limitations of our model, our work provides further evidence that it may be possible to produce Schrödinger cats in dilute gas BECs, and hence to explore the quantum-classical interface.
II. THE MODEL
We denote the two trapped atomic species with the indices A and B. Their field operators are A and B . We assume a one-dimensional system. The sum of the single-particle kinetic energy and the trap potential V X (x) for species X gives
where x is the position, p the momentum, and m the atomic mass. Two-body interactions within and between species are approximated by contact potentials, with coefficients W 
The corresponding expansion of the Hamiltonian ͑2͒ is then
͑4͒
The coefficients derive from those in the Hamiltonian ͑2͒ after the appropriate mode function integrations
where X and Y may each be either A or B. In this paper, we assume that the modes are single-particle, one-dimensional, harmonic-oscillator, energy eigenstates. Physically this corresponds to two-body interactions so weak that the condensate single-particle eigenstates are not perturbed. Although this is experimentally unrealistic, it serves our goal of learning whether the production of Schrödinger cat states is possible beyond the two-mode approximation. We also assume that the two intraspecies two-body interaction coefficients are the same W AA ϭW BB ϭW. In the two-mode approximation this does not lead to any loss of generality ͓14͔.
Using the simplest possible two-mode truncation, it has previously been shown that this system generates Schrö-dinger cats ͓14͔. The two superposed states differ in the number of atoms in the two species. Each ''state'' itself spans a small range of number difference. The physical mechanism generating the Schrödinger cats may be summarized as follows. The system is initialized in an atomic coherent state with a well-defined zero phase difference between the two species, and with a binomial distribution of number differences centered on zero. This state is given explicitly in Eq. ͑8͒ of the following section. When the intraspecies and interspecies two-body coefficients are different, that is, when W ϪW AB is nonzero, the energy depends on the number difference between the two species. Hence the terms in the initial state evolve with different frequencies, depending on their number differences. Since the sign of the frequency difference depends on the sign of the number difference, the initial phase distribution broadens symmetrically about zero phase. Josephson coupling swaps atoms between species depending on this phase: the negative phase parts of the state gain species A atoms, while the positive phase parts gain species B atoms. The combined result of the phase spreading and Josephson coupling is the splitting of the state into two parts, which form a number difference Schrödinger cat.
III. TWO-AND FOUR-MODE APPROXIMATIONS
Truncating the expansion in harmonic-oscillator energy eigenstates at one mode for each species, that is, two modes in total, the Hamiltonian ͑4͒ becomes
where we noted that since the mode functions are normalized, 11 ϭ. For the harmonic-oscillator ground state, with frequency ,
where is the usual harmonic-oscillator ground-state scale length. The Hamiltonian ͑6͒, like the full Hamiltonian ͑2͒, conserves the total atom number. Hence the system is restricted to the manifold of Fock space states of the form ͉p,NϪ p͘, where N is the total number of atoms and 0рpрN. This state is the product state of the number state with p atoms of species A and NϪp atoms of species B.
We assume that H 11 A ϭH 11 B ϭ0, which sets the zero of energy. The dynamics then depend only on the parameters N, , and the difference W 1111 ϪW 1111 AB ͓14͔. For certain parameter values, and a particular initial state, the Hamiltonian ͑6͒ generates superposition states with number differences determined by the Josephson coupling coefficient . The required initial state is the atomic coherent state with zero phase difference between the two species,
This may be generated from a single species condensate by a /2 pulse followed by a /2 relative phase shift of the two species ͓14͔. The latter might be achieved in practice using a far detuned light pulse which is differently detuned from each species.
We solved the Schrödinger equation for the Hamiltonian ͑6͒ by numerical integration of the system of ordinary differential equations for the time dependent amplitudes of the basis states. We used a fourth-order Runge-Kutta method. We choose parameters which generate Schrödinger cats after about tϭ2 s evolution. For the four-mode models we consider next, our computations are restricted to a small number of atoms. For Nϭ30, we choose W 1111 ϪW 1111 AB ϭ0.265 s Ϫ1 . Figure 1 shows a Schrödinger cat state generated by the twomode truncation. It plots the probability P m of the number difference m between the two species against m. Note that for the state ͉p,NϪ p͘, the number difference mϭ2 pϪN, and hence ϪNрmрN, and it varies in units of two. The general features are similar to the previously studied N ϭ6000 atom case, which was solved in terms of the numerically evaluated eigenstates and eigenvalues ͓14͔. In Fig. 1͑b͒ , we include evolution beyond the Schrödinger cat formation, at tϭ2 s, in order to show its subsequent behavior. The four-mode approximation to the Hamiltonian ͑4͒ allows two modes for each species and is
where we have noted that H 12 X ϭ0 because our modes are eigenstates of Ĥ X . The dynamics now occur on the manifold of number states of the form ͉p,q,r,NϪ pϪqϪr͘, where N is the total number of atoms and 0р͕p,q,r,NϪpϪqϪr͖ рN. This state is the product state of the number states with p and q atoms of species A in modes 1 and 2, respectively, and r and NϪpϪqϪr atoms of species B in modes 1 and 2.
Compared to the two-mode case, two new parameters are required: the energy of the second mode, which we assume is the same for each species, H 22 A ϭH 22 B ϭប 2 , and the intraspecies two-body interaction coefficient W. For our calculations, we choose these to be 2 ϭ1 s Ϫ1 and W 1111 ϭ1.2 s Ϫ1 . The latter has been chosen much larger than the difference W 1111 ϪW 1111 AB ϭ0.265 s Ϫ1 , so that the interspecies and intraspecies two-body interactions are approximately the same strength.
Results of the four-mode calculations are shown in Fig. 2 . The initial state was the same as for the two-mode case, with no atoms in the excited modes. The probability P m to have a difference of m atoms between the two species is plotted against m. P m is the sum of the probabilities for all number states having the number of atoms in each species differing by m. The four-mode results should be compared with the two-mode calculations in Fig. 1 . Despite the differences in detail, the qualitative agreement between the two-mode and four-mode approximations is striking considering that population oscillates between the modes, with up to half the population in the excited modes at certain times, for example when the superposition forms at tϭ2.
The qualitative similarity of the two-mode and four-mode results shows that the generation of Schrödinger cats persists beyond the two-mode approximation. This is the first major result of this paper.
IV. DISSIPATION
We next investigate the effect of dissipation on the formation of the Schrödinger cats. Dissipation occurs due to the interaction of the system with degrees of freedom not included in our model. Regardless of the specific scheme for their generation, decoherence due to dissipation is likely to limit the possible size of number difference Schrödinger cats, perhaps to a few hundred atoms. In the following, we investigate the specific effect of dissipation on our model.
The dominant source of dissipation is expected to be due to the thermal cloud of noncondensed atoms. There are two relevant types of two-body interaction between the condensed and noncondensed atoms: elastic interactions which preserve the number of condensate atoms and inelastic interactions which do not. The former produces phase-damping, and dominates when there is only a small number of noncondensed atoms with sufficient energy to knock atoms out of the condensate, that is, for temperatures low enough that the fugacity is small compared to 1 ͓9,19,20͔. Phase damping also dominates for large Schrödinger cats because, as we shall see below, the induced decoherence rate scales with the square of the number difference. Hence we only consider phase damping.
We model phase damping using a quantum optical Markovian master equation. This assumes that the unmodeled degrees of freedom may be treated as an equilibrium thermal reservoir. Although this may be only approximately true in practice, it allows a simple treatment of dissipation. The master equation gives the dynamics of the reduced density operator for the condensates. The reservoir degrees of freedom are averaged over ͑traced out͒. Since the number of density operator matrix elements is the square of the number of basis states, we are computationally limited to a two-mode approximation.
In the master equation approach the reservoir is modeled as a system of harmonic oscillators with the creation and annihilation operators ⌫ i † and ⌫ i for reservoir mode i. Phase damping corresponds to system quanta scattering by creation or annihilation of reservoir quanta according to the interaction Hamiltonian ͓21͔,
where the ␥ i j are scattering strengths.
To introduce phase damping, we first consider the example of a single-mode harmonic oscillator. The master equation for the reduced density operator for the phasedamped oscillator is ͓21͔
where is the oscillator frequency, and we have introduced the number operator n a ϭâ † â . The phase-damping rate is proportional to the thermal reservoir population of noncondensed atoms at the temperature of operation T, see Eq. ͑18͒. This master equation has an analytical solution, which in the number state basis is
The important feature of this solution is the decay of the off-diagonal elements at a rate proportional to the square of the distance from the diagonal (pϪq) 2 . In the long-time limit, the density operator becomes diagonal in the number basis. This corresponds to a classical probability distribution of number states, each of which has a completely undefined phase. Hence phase damping increases phase uncertainty.
We next introduce a quantitative measure of coherence appropriate for our two-state Schrödinger cat. We define the coherence C to be the magnitude of the ratio of the offdiagonal density-matrix peak height to the geometric mean of the diagonal peak heights. It will range in value between 1 for a pure two-state superposition and zero for a completely classical mixture of states. Diagonal density-matrix elements are the probabilities of finding the system in the basis states. The off-diagonal elements are related to the degree of quantum-mechanical coherence, or superposition, between different basis states. This is illustrated by considering the pure state superposition of two nearly orthogonal states ͉͘ and ͉͘, for which the density operator is
When the overlap between the superposed states is negligible, ͉͗͘Ϸ0, a plot of the magnitude of the density matrix has four peaks, as in Fig. 3͑a͒ , one peak corresponding to each of the terms in the last line of Eq. ͑13͒. For a pure superposition of two states, the off-diagonal peak height is therefore the geometric mean of the diagonal peak heights, and so from its definition, Cϭ1. For the case of the single-mode oscillator, according to Eq. ͑12͒, phase-damping induced decoherence reduces the off-diagonal peak heights, while leaving the diagonal elements unchanged: C ϭexp͓Ϫ(pϪq) 2 t͔. Hence we use C, the magnitude of the ratio of the off-diagonal density-matrix peak height to the geometric mean of the diagonal peak heights, to measure decoherence in our system. In the two-state case, the trace of the squared density matrix is given in terms of C by
where the ii are the diagonal density-matrix elements. When these are equal ͑to
The master equation for the reduced density operator for our phase-damped two-mode system, with Hamiltonian Ĥ 2 , is then
We have assumed that the phase-damping rate is the same for each species. It may be estimated as ͓9͔ We have solved the master equation ͑16͒ numerically by taking matrix elements in the two-mode number state basis introduced in the preceding section ͗p,NϪp͉ ͉q,NϪq͘, and again using the fourth-order Runge-Kutta method. Figure 3 shows the magnitude of the density matrix with and without phase damping. The off-diagonal peaks in the damped case correspond to a partially coherent Schrödinger cat with C ϭ0.44. There are a total of Nϭ30 atoms and the number difference is peaked around mϷ10. We have plotted ͦ͗mЈ͉ ͉mͦ͘, where ͉m͘ denotes the previously described product number state ͉p,NϪ p͘ with mϭ2pϪN the number difference. Note that m varies in units of two. With the parameters leading to Eq. ͑18͒, the value ϭ3.3ϫ10 Ϫ3 s
Ϫ1
that we have used corresponds to a noncondensed atom number density of n NC ϭ1.7ϫ10 6 cm Ϫ3 . This low value emphasizes the strong decohering effect of phase damping.
We have also solved an Nϭ300 atom case with a superposition having a number difference peaked around m Ϸ100. The harmonic-oscillator result Eq. ͑12͒ suggests that to keep the decoherence the same, the damping should be reduced by the square of the factor by which the number difference is increased. With the parameters leading to Eq. ͑18͒, the resulting value ϭ3.3ϫ10 Ϫ5 s Ϫ1 corresponds to a noncondensed atom number density of n NC ϭ1.7 ϫ10 4 cm Ϫ3 . The result, shown in Fig. 4͑b͒ , shows a partially coherent Schrödinger cat with Cϭ0.49.
Our numerical results are broadly consistent with the coherence C following the relation Eq. ͑12͒. That is, C is approximately exp͓Ϫm 2 (2)t͔, where m is the difference in the number of atoms of each species in the superposed states, and the effective damping rate is 2, because both species are damped. For the case of Fig. 3, exp͓Ϫm   2 (2)t͔ϭ0.3, and for the case of Fig. 4 , exp͓Ϫm 2 (2)t͔ϭ0.1. In both cases, the numerically calculated C is larger, 0.44 and 0.49, respectively, which is reasonable since the superposition does not form until about halfway through the evolution ͑see Fig. 1͒ , so the time for which decoherence acts on the superposition is less than the total evolution time t.
We conclude that the generation of the superpositions by the Hamiltonian Eq. ͑6͒ is approximately independent of decoherence by the reservoir, provided it is small enough to allow them to exist over the time required for their generation. This is the major result of this section. It means that the superposition generation process is not particularly more sensitive to decoherence than the superposition state itself is.
V. DISCUSSION
We have relaxed two of the assumptions that were made by Gordon and Savage ͓14͔ in their initial study of Schrö-dinger cat generation in two-component BECs: the twomode assumption and the no-dissipation assumption. Although our model is too simplistic to have a unique correspondence with experimental parameter values, we have captured more of the underlying physics than the initial study. Our results suggest that the underlying physical mechanism is robust, and hence that experimental realization may be feasible. As with all attempts to generate Schrödinger cats, a critical consideration is dissipation. Our results, and those of others, show that even small number difference Schrödinger cats will require either extremely small densities of noncondensed atoms or sophisticated reservoir engineering ͓9͔.
In summary, we have shown that our proposed scheme for Schrödinger cat generation is valid beyond the two-mode approximation, and that dissipation is no worse a problem than suggested by simple models. Among the remaining problems is the detection of number difference Schrödinger cats should they be generated.
